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Abstract 
Lengvarszky, Z., Distributive sublattices and weakly independent subsets in modular lattices, 
Discrete Mathematics 112 (1993) 2699273. 
We prove that if M is a modular lattice of finite length and D is a maximal distributive sublattice of 
M then I(D)= I(M). As an application we show that sublattices and homomorphic images preserve 
the property that any two maximal weakly independent subsets have the same number of elements. 
The aim of this paper is to prove and present an application of the following. 
Lemma 1. Let M be a modular lattice and let D be a distributive sublattice of M. 
Suppose that for some a, bE D and for some CE M \D we have a < c -C b and b covers a in D. 
Then the sublattice generated by Du{c} is distributive. 
Proof. Let x and y be arbitrary elements of D. We will show that then 
(c V x) A y = (c A y) V (x A y). First observe that 
(aVx)Ab= 
b if aVx>b, 
a if aVx$b. 
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This follows easily from the fact that b covers a. 
Case 1. aVx3b. 
Then c V x = a V x = b V x and using distributivity of D we can write (c V x) A y = 
(aVx)Ay=(aAy)V(xAy)<(cAy)V(xAy). As (cVx)Ay2(cAy)V(xAy) always 
holds we have got (c V x) A y = (c A y) V (x A y). 
Case 2. aVx$b. 
Now modularity implies that the maps 4: [a, b]+[aVx, b Vx] defined by 
4(u) = u V x and $ : [a V x, b V x] + [a, b] defined by $(u) = u A b are isomorphisms and 
$ = 4- ‘. In particular, we have (c V x) A b = c. 
Consider the elements u = (c A y) V (x A y), u = b A y and w = (c V x) A y. Since u d w, 
by modularity we have (U Vu) A w = u V (u A w). But by distributivity of D again 
(UVu)Aw=[(cAy)V(xAy)V(bAy)]A(cVx)Ay 
= C(b A Y) V (x A Y)I A (c V x) A Y 
=(bVx)AyA(cVx)Ay=(cVx)Ay 
and 
uV(uAw)=(cAy)V(xAy)V[bAyA(cVx)Ay] 
=(cAy)V(xAy)V[(cVx)AbAy] 
i.e., (cVx)Ay=(cAy)V(xAy). 
It is well known and was observed by J. von Neumann that if p,q,r are fixed 
elements of some modular lattice and (p V q) A r = (p A r) V (q A r) then the sublattice 
[p, q,r] generated by {p,q,r} is distributive (see [3]). This means that we also have 
(cAx)Vy=(cVy)A(xVy),(xVy)Ac=(xAc)V(yAc)and(xAy)Vc=(xVc)A(yVc) 
for all x, YED. Then it follows [Du{c}] = D’ where D’= {(c V x) A y 1 x, YED}. Indeed, 
D’G[Du{c}] . b is o vious; furthermore x = a and y = b show CE D’ and x = y V b shows 
D G D’. We prove, e.g., that D’ is closed under joins: 
= (c A y) V (x A y) V (c A y’) V (x’ A y’) 
= C(c A (Y V Y’)I V C(x A Y) V (x’ A Y’)I 
Now we are ready to see distributivity of [Du{c}]. Let p,q,rE[Du{c}]. Then 
for some x1,x2,y1,y2,z1,zZ~D we have p=(cVxl)Ax2, q=(cVyl)Ay2 and 
r=(cVzl)Az2. We can write 
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Corollary 2. Let M be a modular lattice ofjnite length. If D is a maximal distributive 
sublattice of M then l(D)= l(M). 
Proof. Clearly OMM, l eD, whence, by Lemma 1, any maximal chain of D is a maximal 
chain of M. 0 
A subset U of a lattice L is called weakly independent if whenever u, ul,. . . , U,E U and 
u<ur V ... Vu, then UdUi for some l<i<n (see Cl]). 
Basic examples for weakly independent subsets are chains in any lattice and subsets 
of join-irreducible elements in distributive lattices. 
Let us say that a lattice L has property (w) if any two maximal weakly independent 
subsets have the same number of elements. In lattices of finite length this is equivalent 
to saying that any maximal weakly independent subset has l(L) + 1 elements since in 
this case maximal chains are maximal weakly independent subsets. 
The main result of Cztdli et al. [l] was the following. 
Theorem A. If L is a jinite distributive lattice then L has property (w). 
They also gave an example which shows that Theorem A fails in modular lattices. 
However, as it was proved in [2], modularity is necessary for property (w). Two 
sufficient conditions for property (w) in modular lattices were given in [4]. 
In [S] we proved the following. 
Theorem B. Let L be a lattice of jinite length. If U E L is weakly independent and 
1 UJ = l(L) + 1 then [U] is distributive. 
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Corollary 2 together with Theorem A and Theorem B yields the following. 
Lemma 3. Let L be a modular lattice ofjinite length. Then L has property (w) ifand only 
if any sublattice generated by some ,Yeakly independent subset of L is distributive. 
Proof. Assume that U 2 L is weakly independent and [U] is not distributive. Let 
UE U’ be a maximal weakly independent subset of L. Then [U’] is not distributive 
whence 1 U’I <l(L)+ 1 by Theorem B. 
Now suppose that any weakly independent subset of L generates a distributive 
sublattice and let U be a maximal weakly independent subset of L. Then [U] is 
distributive and [U] is contained in some maximal distributive sublattice D of L. By 
Corollary 2 we have l(D) = l(L). On the other hand, U is a maximal weakly indepen- 
dent subset in D too whence ( U( = l(D) + 1= l(L) + 1 by Theorem A. 0 
Now we investigate sublattices, homomorphic images and direct products - basic 
tools to create new lattices from given ones - with respect to property (w). 
Theorem 4. Property (w) is preserved by sublattices and by homomorphic images but not 
preserved by direct products among lattices offinite length. 
Proof. Let L be a modular lattice of finite length with property (w). Let K be 
a sublattice of L and let U G K be any weakly independent subset. Then U is weakly 
independent in L too thus [U] must be distributive by Lemma 3. Then, as U was 
arbitrary, K has property (w) again by Lemma 3. 
Let 4 : L-+K be a surjective homomorphism and let U c K be any weakly indepen- 
dent subset. Define V= (A+-‘( )) u UE U}. It is well known that q!~- ‘(x) is an interval 
of L for any XEK whence A+-‘(x)E@-‘(x), i.e., 4(A4-‘(x),=x. This implies 
4(V) = U and since 4 is a homomorphism it follows 4([ I’]) = [U]. By Lemma 3 we 
must show [U] is distributive which will be true if [I’] is distributive. Again by 
Lemma 3, if V is weakly independent then [V] must be distributive. So let 
v,rt, .‘., V,EV and suppose v<vlV~~~Vu,. Then qb(~)~~(v~)V~~~Vc#~(v,) thus by 
weak independence of U we have 4(v) < d(q) for some 1 <i< n. Now we can write 
~(UAUi)=~(U)A\(vi)=~(V). Hence UAViE4-‘(4(U)) and by v=Ac$-‘(c$(u)) we get 
V < V A Vi, i.e., 0 <Vi. 
To see that direct products in general do not preserve property (w) let L1 be the 
3-dimensional Boolean lattice and let L, be the 5-element nondistributive modular 
lattice. Then both L1 and L2 have property (w). Denote by a, b, c and by p, q, r the 
nonzero join-irreducible elements of L1 and L,, respectively and set U = {(a, p), (b, q), 
(c,r)}. Then U is weakly independent in L1 x L2 but [U] is not distributive whence 
L1 x L2 does not have property (w) by Lemma 3. 0 
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